BAI 2. CUC TRI CUA HAM SO
Muc tiéu
< Kién thirc
+ N&m vimg dinh nghia cuc tri cia ham sb, khai niém diém cuc tri, gié tri cuc tri cua ham sé;
diém cuc tri cia dd thi ham sé.
+ Hiéu va van dung duogc cac dinh 1 vé diéu kién cin va diéu kién du ¢é ham sé c6 cuc tri.
+ Trinh bay va van dung dugc cac cach tim cuc tri cia mot ham sé.
+ Nhan biét duoc cac diém cuc tri trén dd thi ham sé.
+ Kining
+  Thanh thao tim diém cuc tri, gia tri cuc tri caa ham sé da biét.

+  Biét cach khai thac bang bién thién, bang xét dau, do thj dé tim cuc tri.
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I. LI THUYET TRONG TAM

1. Khai niém cuc tri ciia ham sb

Dinh nghia
Gia st ham s6 f xac dinh trén K(K cR)va
X, € K

a) Xx,duoc goi la diém cuc dai ciia ham sé f néu
ton tai mot khoang (a;b) < K chua diém x,sao
cho f (x) < f (%), Vxe(a;b)\{x,}.

Khi d6 f (x,)duoc goi la gia tri cuc dai cua ham

$6 f.

b) x,dwoc goi la diém cyc tiéu cua ham s f néu
ton tai mot khoang (a;b) = K chira diém x,sao
cho f (x)> (%), Vxe(a;b)\{x,}.

Khi d6 f(x,)duoc goi 1a gia tri cuc tiu cia

ham sb f.

Piéu kién can dé ham sé dat cuc tri
Pinh il

Gia sir ham s6 f dat cuc tri tai diémx,. Khi do,

néu f c6 dao ham tai diém x,thi f'(x,)=0.

Chay:
1) Pidu nguoc lai c6 thé khong dung. Pao
ham f'c6 thé bang 0 tai diém x, nhung ham sé f

khong dat cuc tri tai diém x, .

chay:

1) biém cuc dai (cuc tiéu) x, duwoc goi chung la
diém cyc tri. Gia trj cuc dai (cuc tiéu) f(x,)cua
ham sé durot goi chung 1a ciec tri. Ham sé ¢ thé dat
cuee dai hodc cuc tiéu tai nhiéu diém trén tap hop K.

2) N6i chung, gia tri cuc dai (cuc tiéu) f(x,)
khong phdi 1a gia tri 16n nhdt (nhé nhdt) cia ham sé
ftrén tdp K; f(x,)chi 1a gia trj I6n nhat (nhé nhat)
cia ham s6 f trén mgt khoang (a;b)chirax, .

3) Néux, la mgr d@iém cuc tri cia ham so f thi

diem (x,; T (X,)) duwoc goi la diém cuc tri ciia do thi

ham so f.
diém cuc dai
(gi4 tr) clia d& thj ham sé
cwcdai |

|
|
|
|
|
.

2
i
diem  diém diem |
cwe dai cuc tiéu cuc dai I
(GlER MY I ——

cye tidu diém cuc tiéu
clia 6 thi ham sé

Vi du 1: Ham sé y = f (x)=|X| xdc dinh trénR. Vi
f(0)=0 va f(x)>0,vx#0 nén ham s¢ dat cuc

tiéu tai diem x =0d0 ham sé khéng c6 dao ham tgi

diém x = 0, vi:
y=|x|={X'XZO:>y’={1'X>O |
X, Xx<0 -1,x<0
Vi dg 2: Ta xét ham séf(x)=x°, ta co:
f'(x)=3x*>0,Vx=0. Ham s¢ dong bién trén R

nén khdng c6 cuc tri du f'(0)=0.
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2)  Ham s co thé dat cuc tri tai mot diém ma

tai ¢6 ham s6 khong c6 dao ham.

Piéu kién du dé ham sé dat cuc tri
Pinh 1i 2
a) Néu f'(x)doi dau tir &m sang dwong khi x di
qua diém X, (theo chiéu tang) thi ham s6 dat cuc

tiéu tai diém x, .

b) Néu f'(x)doi dau tir duong sang am khi x di
qua diém X, (theo chiéu tang) thi ham sb dat cuc
dai tai diém x, .
Pinh 1i 3

Gia sa ham sb f c6 dao ham cip mot trén
khoang (a;b)chua diém x,, f'(X,)=0va f c6 dao
ham cap hai khéc 0 tai diém x, .

a) Néu f"(x,)<0thi ham sé f dat cuc dai tai
diém x,.

b) Néu f”(x,)>0thi ham sé f dat cuc tieu tai
diém x,.

Néu f”(x,)=0thi ta chua thé két luan dugc, can

lap bang bién thién hoic bang xét dau dao ham.

YA
X°
&
5 =
YA
X
2
) =
X |a X, b
f'(x) » +
f(x) \ Flx) /
(cuc tiéu)
X |a X, b
f'(x) - #*
F(%)
f(X) /(Cucdai)\‘
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I1. CAC DANG BAI TAP

Dang 1: Céc bai tap nhan biét, tim diém cuc tri, dém s6 diém cuc tri

Bai toan 1: Tim diém cuc tri cia ham sé cu thé

+ Phwong phap giai

Céch 1: Ldp bdng bién thién hogc bang xét dau

Buéc 1. Tim f'(x)
Buéc 2. Tim céc diem x (i=12,..)tai d6 dao
ham bang khong hoic ham sé lién tuc nhung
khong c¢6 dao ham.
Buoc 3. Xét dau f'(x). Néu f'(x)doi dau khi x

qua diém x, thi ham s6 dat cuc tri tai diém x. .

Cich 2: Dung dinh ly 3
Bugc 1: Tim f'(x)
Buegc 2: Tim céc nghiém x; (i =1,2,...) ciia phuong
trinh f'(x)=0.
Buwgc 3: Tinh £(x,)
e Néu f”(Xi ) < 0thi ham sé f dat cuc dai tai
diém x;.
e Néu f”(x)>0thi ham sé f dat cuc tiéu tai
diém x;.

e Néu f”(x)=0thi ta Iap bang bién thién

Vi du 1: Ham sé f (x)=x°-3x’-9x+1 dat cuc
tiéu tai diém
A x=-1. B.
C. x=1.
Huwoéng ddn gidi
Céch 1:
Ham sé da cho xac dinh trén R .
Taco f'(x)=3x">-6x-09.

x=-1

Tirdéf’(x)=0<:>[ .
Xx=3

Bang xét dau f'(x)

X —00 3 +00

f'(x) - 0 -~ @ +
3 +0
g’ / \._1 /

Vay ham sb dat cuc diém tai diém x = 3.
Chon B.
Cach 2:

Ham sé d3 cho xac dinh trén R .

Taco: f'(x)=3x*—6x-9.

x=-1
Tﬁdé:f’(x)=0<:{ .
Xx=3
Taco: f”(x)=6x—6.Khido:
f"(-1)=-12<0; "(3)=12>0,

Vay ham sb dat cyc tiéu tai diém x = 3.
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dé xac dinh diém cuc tri.

4+ Vidu mau
Vi dy 1: Sé diém cuc dai ciaham s6 f (x)=-x*+8x"—71a
A. 1. B. 3. C.2.
Huwoéng ddn gidi
Ham sb da cho xac dinh trén R.
Taco: f'(x)=-4x"+16x.
x=0= f(0)=-7
Turdo: f'(x)=0=|x=-2= f(-2)=9

x=2=f(2)=9
Bang bién thién:
X —00 -2 0 2 +00
F'(x) + 0 - 0 + o0 -

w| NN

Vay ham sb c6 hai diém cuc dai.

Chon C.
Vi duy 2: S6 cuc tri cuiaham s6 f (x)= x_+i 1a
X_
A. 1l B. 3. C.2.

Huwong ddn gidi
Ham sé da cho x4c dinh trén R\ {1}

Ta co: f’(x):( 1)2 <0,vxeR\{1}. Vay ham s6 khong co cuc tri.
X_
Chon D.
2
Vi du 3: Gia tri cuc tiéu cua ham s6 f (x) :w la
X +Xx+1
A. x=-5. B. y:—ﬂ. C. x:—l.
3 3

Huwéng ddn gidi
Ham sb da cho xac dinh trén R.
_ —3x*-16x-5

Taco: f'(x) (x2+x+1)2.

D. 0.

D. 0.
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Turdo: f'(x)=0< 3.

Bang xét ddu dao ham:

X —00 -5 -1/3 +00
f'(x) - 0 + 0 —
A N £ .2 Rt 4
Vay ham so dat cyc tiéu tai diem x =-5,y.; = f (-5) = 3
Chon B.
Viduy 4: S6 cuc tri cia ham so f (x)=3/x*-3x+21a
A. 2. B. 1. C.3.
Huwong ddn gidi
Ham s6 di cho xac dinh trén R.
2 J—
Taco: f'(x)= -1 =.
3 (x3—3x+2)
x=1
L x*-1=0 x=-1
T dé: f'(x)=0< o o x=-1
x> =3x+2%0 x=1
X#—2
( f'(x)khong x4c dinh tai diém x =1vax=-2).
Bang bién thién:
X —00 -2 -1 1 +00
A

" +00
2 I i N
#

—Qo0

Vay ham sé ¢6 hai cuc tri 1a f(-1)=3/4va f (1)=0.
Chon A.
Vi du 5: Gié tri cuc dai cua ham s6 f (x) = x—2v/x* +1 13 s nao dudi day?

A ﬁ B. /3. C. —3.

3
Huwong dén gidi

Ham sb da cho xac dinh trén R.

D. 0.

ol
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2X

\/x2+1.

Taco: f'(x)=1-

2x>0
Turdo: f'(x) =0 Vx* +1=2x < , 2<:>x:£.
X +1=4x 3
Bang bién thién:
x | —o V3 -
3
f'(x) - 0 +
/3
—00 —0o0

Vay ham sb dat cuc dai tai diém x = ? , gia trj cuc dai cia ham sb 1a f (—] =-/3.

Chon C.

Vi du 6: Céc diém cyc dai cuia ham s f (x)=x—2sinxc6 dang (véi k e Z )
A x=-Zikor. B. x=2+k2r.
3 3

C. X:—z+k27r. D. X:z+k27r.
6 6

Huwong ddn gidi

Ham s da cho xac dinh trén R.
Taco: f'(x)=1-2cosx.Khido f'(x)=0<> cosx :%@ x=+24 k2z,(keZ)
f"(x)=2sinx

Vi f”(%+k27rj:25in(%+k27zJ:23in%>0nén x:%+k27z 1a diém cuc tiéu.

Vi f”(—%+k2ﬂj:23in(—%+k2ﬂj:Zsin(—%j:—23in%<0nénx=—%+k27r 1a diém cuc dai

Chon A.
Bai toan 2. Tim cuec tri cia ham sé khi biét dé thi
+ Phuwong phap giai
+) Néu d& cho d6 thi caa ham f (x), xem lai ly thuyét.
+) Néu dé cho do thi ctia dao ham, dé ¥ cac diéu sau dé c6 thé 1ap dugc bang xét dau dao ham:
Dd thi f'(x) nam phia trén truc hoanh: f'(x)>0.
D6 thi f'(x) nam phia dudi truc hoanh: f'(x) <O0.
+ Vidumiu

Trang 7



Vidu 1: Him s6 y=ax* +bx®+c (a,b,c € R) c6 dd thi nhu hinh v&. Sb diém cyc tiéu cia ham sé f la

YA

v ; \/
A 1l B. 3. C.2 D. 0.
Huwoéng ddn gidi

A A3

Ham sé da cho c6 hai diém cuc tiéu.
Chon C.

Vi du 2: Him s6 y = f (x) c6 d6 thi nhu hinh v&. S6 diém cuc tri cia ham sé f trén khoang (-3;4) la

YA

/x
N

Al B. 3. C.2 D. 4.
Huwong ddn gidi

Ham sb da cho c6 bon diém cuc tri.
Chon D.

Vi du 3: Ham s6 y = f (x) xac dinh trén R va c6 do thi ham sé Vi

>

y=f'(X)nhu hinh v& S diém cuc tri caa ham s6 f trén

khoang (a;b)la

A. 5. B. 3. a Ol S

Huwéng ddn gidi

it
=
3

Y X

Céach 1: Trong khoang (a;b), @6 thi f'(x) cét (khdng tiép xtc) truc hoanh tai 5 diém nén c6 5 diém cuc
tri trén (a;b).

Chon A.

Céach 2: Nhin vao hinh v& duéi day, f '(x)dbi ddu tong cong 5 lan trong khoang (a;b)nén ¢ 5 diém cuc

tri trén (a;b).
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Chon A.

Vi du 4: Cho ham sé y = f (x) c6 dao ham dén cip hai trén R va c6 d6 thi ham s6 y = f”(x)nhu hinh v&

dudi day (dd thi y= f"(x) chi c6 3 diém chung véi truc hoanh nhu hinh v&). S6 diém cyc trj ti da coa

ham sé la
YA
X
-2 3\
@)
A. 1l B. 4. C.3. D. 2.
Huwéng ddn gidi
Ta c6 bang bién thién cia ham sé y = f'(X) nhu sau
X —0 -2 0 3 +00

F(x) # @ = § = g =

e T TT—

Nhan thay truc hoanh cat do thi ham sé y = f'(x) tai t6i da 2 diém nén f’(x) =0c0 ti da 2 nghiém phan

biét. Vay ham sé y = f (x) ¢6 tdi da 2 diém cyc tri.

Chon D.
Bai toan 3. Tim (diém) cuc tri thong qua bang bién thién
4+ Vidumiu
Vi du 1: Cho ham s6 y = f (x) ¢ bang bién thién nhu hinh v& duéi day
x |- —1 3 +00
f'(x) + 0 .= | %
2 +00
iz) / Ny /
—00 -2

Trang 9



Ménh dé nao sau day sai?

A. Ham sb co hai diém cuc tri. B. Ham sé c¢6 hai cuc tri.
C. Cuc dai bang — 1. D. Cuec tiéu bang — 2.
Huwong ddn gidi
Chon C.

Vi du 2: Cho ham s6 y = f(x) c6 bang bién thién nhu hinh vé duéi day

X —00 -2 0 2 +00
F(x) . O —~ - & 0. -
2 2
F(x) i / \ 0 / \_w

Ménh d& nao dudi day sai?

A. Ham s6 ¢6 ba cuc tri. B. Ham sb c6 mot cuc tiéu.
C. f(-2)=f(2). D. f(-1) < f(2).

Huwéng ddn gidi

Chon A.

Bai toan 4. Tim (diém) cuc tri théng qua dao ham
+ Phuwong phap giai
Pém sé nghiém boi 1é ciia phuong trinh dao ham.
+ Vidumiu
Vidu 1: Cho ham s6 y = f(x)c6 dao ham f'(x) = (x* —1)(x* —3x + 2)(x* — 2X) .
S6 diém cyc tri caaham séy = () 1a
A. 6. B. 2. C.3. D.5.
Huwong ddn gidi
Taco: f'(x)=(x-2)(x-1°x(x+1)(x+2)va f'(x)=0cd 5 nghiém bdi I& nén co6 5 diém cyc trj.
Chon D.
Vi du 2: Cho ham sé y= f(x) c¢6 dao ham f'(x) =x*(x —1)(x—4)?. Tim sé diém cuc tri cua ham s6
y=f(x*).
A. 1l B. 2. C.3. D. 4.
Huwong ddn gidi

Taco: [ £(x?)] =2xf (x?) = 2x° (x* ~1)(x* ~ 4)?

Phuong trinh [f(xz)]' =0 ¢6 3 nghiém boi 1¢ 14 x =0,x =+1 nén sé diém cuc tri cua ham s6 y = f (x?)
la 3.
Chen C.
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Chu y: Nhac lai:

!

Dgo ham cia ham s6 hop ( f (u(x))) = f'(u(x))u’(x) hay f,=f,"u;.

Vi du 3: Cho ham sé y = f (x) lién tuc trén R , c6 f’(x)23x+i2—£,vX>0.
X

Ménh dé nao dudi day dung?
A. Ham sb c6 dang mot diém cuc tri trén R .
B. Ham s6 ¢6 it nhat mot diém cuyc tri trén (0;+0).
C. Ham s6 khong c6 diém cuc tri nao trén (0;+o0).
D. Ham s6 c¢6 dung hai diém cuc tri trén R .
Huwéng ddn gidi

2
Voi Vx>0 taco: f'(x)23x+i2—zz§x+§x+i2—1233(é] —Z>0.
X* 2 2 2 x° 2 2 2

Vay ham sé khong c6 cuc trj trén (0;+o0).

Chen C.

Vi du 4: Cho ham s& y=f(x) lién tuc trénR, c6 dao ham ¥4
f'(x) =(x* —=x - 2)(x* —6x* +11x —6)g(x) véi g(x) 1a ham da thuc
¢6 @6 thi nhu hinh v& dudi day (g(x)dong bién trén (—oo;—1) va X
trén (2;+0) . S6 diém cyc tri cia ham s y = f (x) 1a = O 1\ 2 i
A.5. B. 2.
C.3. D. 4.

Huwong ddn gidi
Duya vao d6 thi, phuong trinh g(x) =0 ¢6 3 nghiém bdi I¢ 1a x =0, x =1, x = 2va mot nghiém boi chin
la x=-1.
T6m lai, phuong trinh y'=0 chi c6 x=-1,x=0,x=2 va x =31a nghiém bdi I¢, nén ham sb c6 4
diém cuc tri.
Chon D.
Bai toan 5. Tim (diém) cuc tri théng qua bang xét du, bang bién thién ciia dao ham
Vi du 1: Cho ham s6 y = f(x) lién tuc trén R va c6 bang xét dau dao ham nhu hinh v& dudi day. Sé

diém cyc tiéu ciaham sy = f(x) 1a

Al B. 3. C.2 D. 0.

x | —o -5 113 +20
F(x) SE b

Huwong dén gidi

Pao ham d6i diu tir am sang duong 1 14n nén c6 1 diém cuyc tiéu.
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Chon A.

Vi du 2: Cho ham s6 y = f (x)lién tuc trén R va c6 bang xét dau dao ham nhu hinh v& dudi day

X |- -5 -3 4 +00

Pogl - =0 0 4 =

S6 diém cuc tri cua ham s6 y = f(x)1a
A 1l B. 3. C.2 D. 4.
Huwoéng ddn gidi
Pao ham d6i dau hai 1an nén c6 hai diém cuc tri.
Chon C.

Vi du 3: Cho ham s6 y = f(x)lién tuc trén R va c6 bang xét dau dao ham nhu hinh v& dudi day

X |- -1 0 2 3 +00
f'(x) - 0 + ESS] | TR R

S6 diém cuc tri cua ham s6 y = f(x)1a
A. 1l B. 3. C.2 D. 4.
Huwéng ddn gidi
Chic chan ham sb ¢o 3 diém cuc trj lax =—1,x = 2,x = 3.
Xét tai diém x =0, dao ham d6i ddu, ham sé khong c6 dao ham tai diém x =0, nhung theo dé bai, ham
s6 lién tuc trén R nén f (0)xac dinh. Vay ham sé c6 tong cong 4 diém cuc tri.
Chon D.

Vi du 4: Cho ham so y = f (x) lién tuc trén R\ {1} va c6 bang xét dau dao ham nhu hinh v& du6i day

X —o0 -2 1 2 3 +00

f'(x) + 0 - + 0 - -

S6 diém cyc tri ciaham s6 y = f (x) 1a
A. 1l B. 3. C.2 D. 4.
Huwéng ddn gidi
Ham s6 ¢6 3 diém cuc tri 13 x =—2,x =2,x =3 (ham s6 khong dat cuc tri tai diém x =1 vi ham s6 khong
xéc dinh tai diém x =1).
Chon B.
Vi du 5: Cho ham s6 y = f (x) ¢ bang bién thién ciia f’(x) nhu hinh vé& dudi day
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X |- -5 0

% 1
3 -
F(x) / \ e /
0 \-4

—00

153 +00

S6 diém cyc tri cnaham s6 y = f (x) 1a

A. 4 B.2 C.3 D.5
Huwoéng ddn gidi
X |- 5 0 1 5 o0
3 +00
1 1
/ C N 7
—00 !

D& thay phuong trinh f'(x) =0 c6 ba nghiém boi Ié nén ham s6 c6 3 diém cuc tri.
Chon C.

+ Bai tap tw luyén dang 1
Bai tap co ban

Cau 1: Ham s y = 2x% —x? +5 ¢6 diém cuc dai la

A.x:%. B. x=5. C. x=3. D. x=0.
Cau 2: Him s6 y=x*-4x>-5

A. nhan diém x = 3 1am diém cuc tiéu. B. nhan diém x = 0 lam diém cuc tiéu.

C. nhan diém x = 0 lam diém cuc dai. D. nhan diém lam diém cuc dai.
Cau 3: Cho ham s6 y = f (x)lién tuc trén doan [—4;3] va c6 do thi yA
trén doan [—4;3]nhu hinh v& bén. DS thi ham sb c6 bao nhiéu 5

diém cuc dai?

A. 0. B. 2. ol . X
C.1. D. 3. 432112 \3

Cau 4: Cho ham s6 f(x)=x*. Ham s6 g(x) = f'(x) —3x? —6x +1 dat cyc tiéu, cyc dai lan luot tai x,,
X,. Tim m=g(x,).9(X,).

—ﬁ. C.mzi. D. m=-11.
16 16

CAu 5: Cho ham sé y = f (x) ¢ bang bién thién nhu hinh v&

A. m=0. B. m=
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X —0 0 2 +00
f'(x) - - 1+
0 +00 +00
f(x) \ \ /
—o0 -2

Ménh d& nao sau day ding?

A. Ham sb da cho c6 mot diém cuc tiéu va khong co diém cuc dai.

B. Ham sé d3 cho c6 mot diém cuc dai va ¢ mot diém cuc tiéu.

C. Ham s6 da cho c6 mot diém cyc dai va khong co diém cuc tiéu.

D. Ham s6 da cho khéng c6 cyc tri.
Cau 6: Ham s6 dang y = ax* +bx? +c (a = 0)c6 tdi da bao nhiéu diém cuc trj?

A. 2. B. 1. C. 4. D. 3.
Bai tap nang cao
CAu 7: Cho ham s6 y = f (x)c6 dao ham cap hai lién tyc trén R . Trén hinh v& 1a d6 thi ham sé y = f (x)
trén doan (—oo;a] (vaham sé y = f(x)nghich bién trén(—o0;—2]), do6 thi ciia ham sé y = f'(x) trén [a;1]
d6 thi ctia ham s6 y=f"(x) trén [L+o0) (va ham s y= f"(x)ludn dong bién trén[b;+)). Ham s6
y = f (x) 6 téi da bao nhiéu diém cuc trj?

YA

f(x)

/A
_1V ANTANE

A.5. B. 2. C. 4. D. 3.
Cau 8: Cho ham sé y= f(x)lién tuc trén R, c6 dao ham f'(x)=(x+1)?*(x* —=3x + 2)(x —sin x) g(x) voi
g(X) c6 do thi nhur hinh v& dudi day (g(x)ddng bién trén (—oo;—1) va trén (2;+) ). Ham sé y = f (x)co
bao nhiéu diém cuc trj?
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YA

N

y x<

Al B. 4.

C.2

]

D. 3.

Cau 9: Cho ham sé y = f(x)c6 dao ham dén cip 2 trén Rva c6 do thi ham sé y = f”(x) nhu hinh v&
dudi day (dd thi y= f"(x)chi c6 4 diém chung véi truc hoanh nhu hinh v&). S6 diém cuyc tri toi da cua

ham sé la
y A

-2

A.5. B. 3.
Dang 2: Cyc tri ham bic ba

C. 4.

D. 6.

Bai toan 1. Ham s dat cwe dai, cuc tiéu tai diém cho trwéc

+ Phuwong phap giai

Bwéc 1. Ham sb dat cuc dai (cuc tiéu) tai diém
X,thi f'(%,) =0, tim duoc tham sb.

Buwéc 2. Vi gia tri tham sb tim duoc, ta thé vao
ham sé ban dau dé thir lai.

Cha y: D6 véi ham bac ba, ta co thé lam tric

nghiém nhu sau:

Vidu 1:
Tim m dé ham séy:%x3—mx2+(m2—4)x+36at

cuc dai tai diém x = 3.

A. . m=-1
C. m=5.
Huwéng dan gidi

B. m=-5.
D. m=1.

Tacoy =x*—2mx+m’—4=y" =2x-2m.
Ham sb dat cuc dai tai x =3 thi

m=1

"(3)=0 2_6m+5=0 :
y'(3)=0< m*—6m+ c{m:S

e V6im=1y"(3)=2.3-21=4>0 suyra x=3la

diém cuc tiéu.
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. L f'(%)=0 e V6im=5y"(3)=23-25=-4<0 suy ra
+) Ham so dat cuc tiéu tai x = x, & , . 9
f(%)>0 | x—31a diém cuc dai.
o o f'(%)=0 Chen C.
+) Ham so dat cuc dai tai x = x, & .
(%) <0

+ Vidumiu
Vi du 1: Ham sé6 y=ax’+x*-5x+bdat cuc tiéu tai x=1va gia tri cyc tiéu bing 2, gia tri caa
H =4a-bla
A. H=1 B. H=-1. C. H=-2. D. H=3.
Huwéng dan gidi
Taco:y' =3ax’+2x—-5=y" =6ax+2.
+) Ham s6 dat cuc tieu taix=1=y'(1)=0<a=1.
+) Thaya =1 tathdy y”(1)=6+2=8>0nén x =11a diém cyc tiéu.
+) Mat khac taco: y(1)=2 < 1+1-5+b=2<b=5.
VayH =4.1-5=-1.
Chon B.
Vi du 2: Ham s6 f(x)=ax’+bx’+cx+d dat cuc tiéu tai diém x=0, f (0)=0va dat cuc dai tai

diemx =1, f (1)=1. Gia tri cia biéu thac T =a+2b—3c+d la

A T=2
Huwong ddn gidi

B. T=3. C.T=4.

Taco f'(x)=3ax" +2bx+c.

Do ham s dat cuc tieu tai diém x =0, f (0)=0va dat cuc dai tai diém x=1, f (1)=1nén ta c6 hé phuong

trinh
f'(0)=0  (c=0
£(0)=0 |d=0 a=-2
= = =T=4
f'(1)=0 _ |3a+2b=0" |b=3
f(1)=1 a+b=1
Chon C.
Bai toan 2. Tim diéu kién ciia tham sb dé ham sé c6 cuc tri
+ Vidumaiu

Vi du 1: Gia tri cia m dé ham sé y = x* +mx —1c¢6 cuc dai va cuc tiéu la

A. m=>0. B. m<O.
Huwoéng ddn gidi

C. m>0. D. m<O0.
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Ham s6 y=x*+mx—1c6 cuc dai va cuc tiéu khi va chi khi y'=0c0 hai nghiém phan biét hay

3x* + m =0c0 hai nghiém phan biét.
Do @6 m<0.
Chon D.

Cha y: Do ham bdc ba cé dao ham |a tam thizc bdc hai nén cac yu cau sau: ham so c6 cuc tri, ham sé cd

Cue dai VA cyc tiéu, ham sé ¢6 hai cuc tri cd cach lam giong nhau, tizc 1a y’ = 0¢6 hai nghiém phan biét.

, S e s , NN z m , .
Vi du 2: Vi gia tri nao cua m thi ham 50y=§x3+x2 +X+7 cb cuc tri?

A. me(L+0)u{0}. B. m<1.
C. me(—o0;1)\{0}. D. m<1.
Huwéng dan gidi
Taco:y =mx® +2x+1.
+) V&im =0, ham s tro thanh y = x* + x+ 7, d6 thi 1a mot parabol nén hién nhién cé cuc tri.
Vay m=0 théa man yéu cau.
+) Xétm = 0, dé ham sé ¢6 cyc tri thi y’=0c6 hai nghiém phan biét< A’ >0
&1l-m>0<m<l.
Hop ca hai truong hop, khi m < 1thi ham sé ¢6 cyc tri.
Chon B.

Chu y: Véi bai toan héi “cé cuc tri” va hé sé cua bdc ba (bdc cao nhat) ¢ chira tham sé thi nén chia hai

trirong hop: Hé sé cua bdc cao nhdt bang 0 va khéc 0.

Vi du 3: Tim c4c gia tri cia m dé ham s y = mx® —3mx? —(m—1) x + 2khéng ¢6 cyc tri.

A.0<m<1. B.O£m<£.
4 4
C.OSmsl. D.0<m§1.
4 4

Huwéng ddn gidi
Taco:y =3mx*—6mx—m+1.
+) Voim =0, ham s6 trg thanh y = x+ 2 1a ham ddng bién trén R nén khong c6 cuc tri, nhanm =0.

+) Xétm = 0, ham s6 khong c6 cuc tri khi y' =0c¢6 nghiém kép hoic v nghiém
<:>A’:9m2—3m(1—m)£0<:>12m2—3m30<:>0<mé%.

Hop ca hai truong hop, khi 0<m S%thi ham sb khéng c6 cuc tri.

Chen C.
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Dang 3. Cuc tri ham bac bén trung phwong

Bai toan 1. Tim tham sé dé ham s6 c6 s6 diém cuc tri théa man dé bai

4+ Phwong phap giai

Xétham s6 y =ax’ +bx’+c, (a=0), c6 dao ham la y’:4ax3+2bx:2x(2ax2+b).

+

+

D6 thi ham s ¢6 ba diém cuc tri khi va chi khi y' =0 c6 ba nghiém phan biét < ab<0.
Do thi ham s c6 ding mot diém cyc tri khi va chi khi y'=0 c6 ding mét nghiém
< ab>0.
Do thi ham s6 hoic c6 dung mot diém cuc tri hodc c6 ba diém cuc tri, va ludn c6 mot diém
cyc tri nam trén truc tung.
Do thi ham sé co ba cuc tri:

o Néu @>0 ham sd co hai diém cuc tiéu va mot diém cuc dai:

e Néu a<0 ham sb c6 hai diém cuc dai va mot diém cuc tiéu.

ChU ¥ rang ba diém cuec tri cua d6 thi ham sé ludn tao thanh mot tam giac can.

+

7 ya

a>0 a<0

I\ X
Vol \J

W=

Khi ham sb c6 mét cuc tri:
a> 0 thi diém cuc trj 1a diém cuc tiéu;

a <0 thi diém cuyc tri 1a diém cuc dai.

YA
azx=0 Ya

¥

\ KRN
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+ Do thi ham sb y =|ax* +bx? +¢| ¢ nhidu diém cyc tri nhat (bay cuc tri) khi @ thi ham sb
f (x)=ax*+bx’+c c6 ba diém cyc tri va dd thi cua nd cat truc hoanh tai bon diém phan
biét.
+ Do thi ham sé y =|ax* +bx? +c| c6 it diém cyc tri nhat (mot cuc tri) khi d6 thi ham sb
f (x)=ax*+bx’+c c6 mot diém cyc trj va d6 thi cia n6 khong c6 diém chung hoc chi
tiép xdc véi truc hoanh.
+ Vidumiu
Vi dy 1. C6 bao nhiéu s6 nguyén me[-20;20] dé d thi ham s y = mx* +(m? —9)x* +1 c6 ba diém cuc
tri?
A. 20. B. 19. C. 18. D. 17.
Huwéng ddn gidi
Taco y' =4m +2(m”—9)x = 2x[2mx2 +(m? —9)]
x=0

'=0< .
Y {2mx2+m2 -9=0 (1)
Ham s6 ¢o6 ba diém cyc trj khi va chi khi y’=0 c6 ba nghiém phan biét hay (1) cd hai nghiém phan biét

khac 0 < 2m(m” -9) < OQB:nis'

Vay c6 19 gia tri cia m thoa mén dé bai.

Chon B.

Vi du 2. Tap hop cac gia tri caa tham sé6 m dé do thi ham s6 y = x* +3mx® —4 ¢6 ba diém cuc tri phan

biét va hoanh do cua ching trong khoang (-2;2) la

5 el e39 o)

Huwong ddn gidi
Tacd y'=4x*+6mx.Cho y'=0 x=0
= 4x% +6mX. -0 :
y y 2x% = -3m (2)
Dé thoa man dé bai phuong trinh (2) c6 hai nghiém phan biét khac 0 va thudc khoang (-2;2)

<:>0<—3—m<4<:>0>m>—§.
2 3

Chon A.

Vi du 3. Biét ring ham s6 y = x* —2(m2 +1) X2 +2 c6 diém cuc tiéu. Gid tri 16n nhét cua cuc tidu 1a

Al B.-1. C.0. D. 2.
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Huwoéng dén gidi
x=0
y =4 —4(m* +1)x= y' =0 g
RO rang phuong trinh y' =0 ludn c6 ba nghiém phan biét.
Lap bang bién thién, d& thdy x = +v/m? +1 1 cac didm cuc tidu caa db thi ham sé.
Gia trj cuc tiéu 1a y,, = 2—(m2 +1)2 :1—(m4 +2m2)£1 (ddu "=" xay ra khi m=0).
Chon A.
Vi du 4. V6i gi4 tri nao cua k thi ham s6 y = kx* +(k—=1)x* +1—2k chi c6 mot cyc tri?
A. 0<k<1. B. 0<k<1. C. {k21. D. {k21.
k<0 k<0
Huwong ddn gidi
+ Voi k=0, hamsé tro thanh y =—x?+1 c6 do thi 1a mot parabol nén cé diing mot cuc tri. Do d6
k =0 thoa man dé bai.
+ V6i k#0.Taco y'=4ke+2(k—1)x=2x(2kx* +k -1).
Pé thoa man yéu cau dé bai thi phuong trinh 2kx®* +k—-1=0 v& nghiém hoic c6 nghiém

k>1
x=0=k(k-1)>0< :
k<0
Két hop hai trudng hop ta dugc cac gia tri can tim 1a k >1 hoic k <0.
Chon D.
x=0 1a nghiém ciia phurong trinh 2kx* +k —1=0
Bai toan 2. Tim diéu kién ciia tham sb dé ham soé dat cue dai, cuc tiéu tai diém x, cho truéc.
+ Vidumiu

Vidy 1. Giatri cia m dé hamsé y=(m+1)x*—2mx’+2m+m* dat cuc dai tai x=2 Ia

B.m:—ﬂ. C.m:—§. D. J.

3 4

A. m=

S wlbd

Huwéng ddn gidi

Taco: y'=4(m+1)x* —4mx = y" =12(m+1)x* —4m.

Dé ham sé dat cyc dai tai x=2 thi y'(2)=0=32(m+1)-8m=0=m :—%.

Vi m:—% thi y”(2):12(—§+1).22—4(—%}<0, suy ra x =2 1a diém cuc dai.

Chon B.
Chay:Néu f' x, = f" x, =0thi taldp bang bién thién hogc bang xét ddu dao ham dé kiém tra.
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Vidu 2. Chohamso y= Ex4 —me2 +x €6 x=m la mot diém cuc tri. Tong cac gia tri caa m 1a

A.l. B. ——. C. -1. D. 1
2
Huwoéng ddn gidi
y' =2x* -3mx+1=y" =6x*-3m.
m=1
Ham s6 dat cuc tri tai diém x=m=y'(m)=0< 1.

m=-=
2

e Véim=1taco: y'(1)=6-3>0 x=1 ladiém cyc tiéu (cyc tri) nén m =1 théa man.

o Vi m:—l, ta co: y” 1230300 x=-1 1 diém cuc tiéu (cuc tri) nén m=—2 thea
2 2 2 2 2 2

man.
Vay tong c4c gia tri cia m thoa mén diéu kién trén 1a 1+(—%j = %
Chon D.
Vi du 3. Biét do thi ham s6 y =ax* +bx? +c c6 hai diem cuc tri 1a A(0;2), B(2;-14). Gid tri cua y(1)
la
A y(1)=-5. B. y(1)=—4. C.y(1)=-2. D. y(1)=0.
Huwéng dan gidi
Taco y' =4ax®+2bx.

o T O Y
Cac diém A(0;2), B(2;-14) thudc do thi ham so nén (1).
16a+4b+c=-14
Mit khac, ham s dat cuc tri tai diém x =2, suy ra 32a+4b=0(2).
Tu (1);(2) tacd y=x"—8x*+2.
DE thay ham s6 c6 cac diem cuc tri la A(0;2), B(2;,—-14) nén y=x*—8x*+2 la ham s6 can tim.
Khi d6 y(1)=-5.
Chen A.
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